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Lovs Saks, and  Tro t te r  showed tha t  there exists  an  on-line a lgor i thm which will color any  

on-line k-colorable g raph  on n vertices with O(nlog (2k-3) n/log (2k-4)  n)  colors. V i s h w a n a t h a n  

showed t h a t  at  least  f t ( logk-ln/k k) colors are needed. While  these  remain  the  best  known 
bounds ,  t hey  give a dis tressingly weak approx imat ion  of the  n u m b e r  of  colors required.  In this  
article we s tudy  the  case of perfect graphs .  We prove t ha t  there  exists  an  on-l ine a lgor i thm which 
will color any on-line k-colorable perfect graph  on n vertices with n lOk/l~176 colors and  t ha t  
V i s h w a n a t h a n ' s  techniques  can be slightly modified to show tha t  his lower bound  also holds for 
perfect  graphs .  This  sugges ts  tha t  V i s h w a n a t h a n ' s  lower bound  is far from t ight  in the  general  
case. 

0. I n t r o d u c t i o n  

An on-line graph is a structure G < = (V,E,<) ,  where G = ( V , E )  is a graph, 
and < is a linear ordering of V. We call < an on-line presentat ion of the graph 
G. The on-line subgraph of G < induced by a subset X C V is the on-line graph 
G < [X] = (X, E ' ,  < ') ,  where E '  is the set of edges in E both of whose end points are 

in X and < '  is < restricted to X. Let l~ = { X l , . . . , x i }  denote the first i vertices 

of V in the linear order < and set G < = G<[V/]. An algorithm for coloring the 

vertices of an on-line graph G < is said to be on-line if the color of a vertex xi  is 
determined solely by G~. Intuitively, the algorithm receives the vertices of G < one 
at a time in some externally determined order Xl,.. .  , xn .  At the stage i when the 
vertex xi is received, the algorithm can only see G <. At this stage, based only 
on this current information, the algorithm must irrevocably assign a color to the 
vertex xi .  The algorithm First-Fit is a simple, but important example of an on-line 
algorithm. First-Fit colors the vertices of G with an initial sequence of the colors 
{1, 2,...} by assigning to the vertex vi the least color not already assigned to some 
vertex x E V/_I such that x is adjacent to v i. 

Let G < = (V,E, <) be an on-line graph and A be an on-line algorithm. The 

number of colors that A uses to color G < is denoted by )/A(G<). For a class of 

graphs F, let XA(F) denote the maximum value of XA(G <) over all G E F and all 
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on-line presentations < of G. The on-line chromatic number, denoted by Xol(U), of 
the class F is the minimum of xA(F) over all on-line algorithms A. We say that  F 
is on-line x-bounded if there is a function f and an on-line algorithm A such that  
XA(a) _</(co(a)), for every a e r ,  where c0(G) denotes the clique number of G. In 
this case f is said to be a x-binding function for the class F. Let F(k,n) be the 
class of k-colorable graphs on n vertices. 

A considerable amount of effort has been put into finding classes of graphs 
that  are on-line x-bounded. The largest collection of such classes was obtained by 
Kierstead, Penrice, and Trotter [7]. For a fixed tree T with radius at most two, they 
showed that the class Forb (T), consisting of all graphs that do not induce T, is on- 
line x-bounded. Many results are known about on-line coloring of various classes 
of perfect graphs. The result in [6] shows that the class of co-comparability graphs 
is on-line x-bounded. Kierstead and Trotter [8] showed that the on-line chromatic 
number of the class of interval graphs is 3co-2. Gys163 and Lehel [2] showed that,  
even using First-Fit, the classes of split graphs, complements of bipartite graphs, 
and complements of chordal graphs have linear x-binding functions. Kierstead [5] 
proved that First- Fit only requires a linear number of colors on the class of interval 
graphs. 

Bean [1] showed that the class of trees is not on-line x-bounded. Thus the 
superclasses of comparability graphs, chordal graphs, and perfect graphs are not 
on-line x-bounded. Lovs Saks, and Trotter [9] observed that the on-line chro- 
matic number of the class F(2,n) (which includes trees) is O(logn). This result 
leads naturally to the problem of bounding Xol(r(k,n)) in terms of k and n. Of 
course Xol(F(k,n)) < n, since we can color every vertex with a different color. As 
with ordinary graph coloring and polynomial time graph coloring, a big jump in 
complexity occurs between F(2,n) and F(a,n). With considerable effort, Lovs 
et al improved the trivial upper bound by proving the following (barely) sublinear 

bound, where log (k) is the kth iteration of the logarithm function. 

Xol(F(k, n)) = O(n log (2k-3) n/log (2k-4) n). 

When n <_ k2 k, Szegedy [10] proved that this bound is close to optimal. He 
showed that then 

Xol(r(k,n)) > n/k.  

For n larger than k2 k Szegedy's technique breaks down. Vishwanathan showed that 

Xol(F(k, n)) = f~(log k-1 n/kk). 

While these remain the best known bounds, they provide a distressingly weak 
approximation of Xol(F(k, n) for fixed k. Irani [4] showed that much more is possible 
for chordal graphs. She proved that for the class C(k,n) of k-colorable chordal 
graphs on n vertices 

Xol(C(k, n) ) = O(k logn). 

In fact she showed that this performance is achieved by the on-line algorithm First- 
Fit. However this is not true for all perfect graphs. It is known that  there are 
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2-colorable (and thus perfect) graphs on n vertices for which First-Fit requires n/2  
colors. In this article we shall consider the class of perfect graphs. Our main result 
is the following theorem. 

Theorem 0.1. Let k be a positive integer. There exists an on-line algorithm A k 
such that A k colors every on-line k-colorable perfect graph G < on n vertices with 

at  m o s t  n lO/l~176 colors. 

We also show that Vishwanathan's construction can be slightly modified to 
produce perfect graphs. This result, which is stated below, leads us to suspect that 
we have not yet been clever enough in constructing on-line graphs to witness lower 
bounds in the general case. 

Theorem 0.2. For every fixed positive integer k and every on-line algorithm A,  
there exists an on-line k-colorable perfect graph G < such that A uses at least 

colors on 

We shall use the following notation with respect to a fixed graph G -- (V, E). 
Adjacency between vertices x and y is denoted by x,~y.  For vertices x and y, the 
distance d(x,y) from x to y is the number of edges in the shortest path from x to 
y. Let X C V. For a non-negative integer r, the closed r-neighborhood Nr[X] of X 
is the set {v E V:d(x , v )  < r, for some xC X}. For a positive integer r the open 

r-neighborhood g r ( x )  of X is the set g r ( z ) - - N  r [ X ] -  N r-1 [Z]. We write N ( X )  

and g [ x ]  for g I (X)  and g 1 [X]. We also slightly abuse notation by writing N r (x) 
and Nr[x] for Nr({x})  and gr[{x}].  The clique number of G is denoted" by w(G). 
The set {1 , . . . ,n}  is denoted by [n]. The function with domain ~ is denoted by e. 

1. Pre l iminar ies  

The following lemma provides the key property of perfect graphs that  we 
exploit to obtain improved upper bounds on the on-line chromatic number of this 
c lass .  

Lemma 1.1. Let v be a vertex in a perfect graph G. Suppose that Io, I1, ... I t ,  
Ir+l are subsets of V such that 

(1) 
(2) Ij  is an independent set, for all j <_ r; 

(3) Ij+1 c N(Ij) ,  for all j <r; and 

(4) I f  x ~ y  with x E l  i and y ~ I j ,  then [ i - j [ = 1 .  

Then  (Ir+1) < 

Proof. We first claim that if x and y are adjacent vertices in I t+ l ,  then N(x)  M 
Ir C N(y)MIr or vice versa. Otherwise there exists Pr C Ir such that  Pr ~ x, but not 
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pr,,~y and there exists qr EI r  such that  qr ~Y, but not qr ~ x .  Let P={Po,Pl , . . .Pr}  
and Q = {qo,ql, . . . ,qr} be paths such that  pj, qj E Ij. Let j be the largest index 
such that  pj ~qj+l  or Pj+I ~qj .  Note that  j exists since po=v=qo . Say pj "~qj+l. 
Then pj , . . . pr , x , y ,  qr,. . .qj+l is an induced odd cycle of length at least five, which 
is a contradiction. 

Now suppose that  K C I r+ l  is a clique. Then by the above claim there exists 
a vertex x E K  such that  for all y E K ,  O ~ N { x ) n l r  CN(y)MIr .  Thus there exists 
kEIr  such that  KU{k}  is a larger clique than K.  | 

Coronary 1.2. Let G < be an on-line graph such that G is perfect and k-colorable. 
Then there exists an on-line algorithm which, for a specified integer t, a subset 
S C �89 with G[S] connected, and a vertex v E S, partitions N ( S ) M ( V - V t )  into fewer 
than k r parts, where r is the maximum distance in G[S] of any vertex in S to v, 
such that each part induces a (k - 1)-colorable subgraph. 

Proof. The algorithm begins at vertex vt+l ,  at which time G[S] has already been 
presented. Thus we may fix a proper k-coloring c of G[S]. We will parti t ion 
N(S)n(V-Vt )  into parts F~, where each part  is indexed by a sequence a = ( a l , . . .  as) 
of colors, where s < r. When presented with z E N ( S ) M ( V - V t ) ,  choose an arbi trary 
shortest path  Pz=-V,Vl,... ,Vs,Z from v to z in G[SU{z}] and assign z to the part  
Fa, with a = ( a l , . . . a s ) ,  where ai is the color of vi. 

To see that  F~ has clique size less than k (and hence, by perfection of G, is 
(k-1)-colorable) ,  we apply Lemma 1.1 as follows. For a given a =  ( a l , . . .  as), let Va 
be the union of the P z - { z }  such that  z is assigned to part  Fa. For j < s + l ,  define Ij 

to be the subset of Va whose distance from v in G[Va] is j .  Then I0 , . . .  ,Is+l satisfy 
the hypotheses of Lemma 1.1, and IS+l is the set of elements of N(S)M(V-Vt )  that  
are assigned to Fa. By Lemma 1.1, each Fa induces a subgraph of G with clique 
size less than k. Since c is a proper coloring, for all non-empty Fa, both  a(1 ) r c(v) 

(k-l) r+1-1 < kr. | 
and for all i, a(i ) r  ). Thus IF[ < ~ r = 0 ( k -  1) i < k-2 - 

2. T h e  m a i n  r e s u l t  

We begin by proving a weaker version of Theorem 1 in which the algorithm 
knows ahead of t ime the number n of vertices that  the input graph G has. We then 
use this weaker result to obtain the full theorem. 

Theorem 2.1. Let k and n be fixed positive integers. Then there exists an on-line 
algorithm Ak, n such that Ak, n colors every on-line k-colorable perfect graph G < 

on n vertices with at most lnlOk/l~176 colors. 

Proof. We argue by induction on k. The base step k = 1 is trivial and the case 
k = 2 follows from the remark of Lov~sz et al mentioned in the introduction. For 
the induction step k >_ 3, assume that  for all j with 1 _< j < k we have obtained an 
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on-line Aj, n such that  Aj, n uses a(j,n)<-}n 10j/l~176 colors to color any on-line 
j-colorable perfect graph. We must specify an on-line algorithm Ak, n such that 

Ak, n uses a(k,n) <_ lnlOk/loglogn colors to color any on-line k-colorable perfect 

graph. We may assume that 1 0 k -  log4 < loglogn, since otherwise we are allowing 
the algorithm to use n colors. Since k > 3, 28 _< loglogn. Thus we have the following 
inequality that will be used later. 

(0) log log n log log log n < log//2 n. 

Let f ( j ) = n  4j/l~176 R( j )= [~ . 6 J J - 2 ,  and r ( j ) = 6 J -  1. We will describe 
the algorithm in stages, where a stage is the period of calculation between the time 
that  a new vertex x is presented and the time that the next vertex is presented. 
During the stage that a new vertex x is presented it will be permanently identified 
as a root or a nonroot. At this time, if x is a root, then x will have a priority p(x), 
a rank L)(x), a sphere (of influence) S(x), a sphere coloring cx, and a witness set 
W(x). At various stages in the algorithm the priority of a root may increase, but it 
will never decrease. At these stages, and only these stages, the rank, sphere, sphere 
coloring, and witness set of the root will be reassigned. If x is a non-root, x will be 
permanently assigned a root v and a priority p(x). 

We begin with an overview of the steps performed during the stage that x is 
presented. 

S1. Update the priority, witness set, sphere, and sphere coloring of each previously 
presented root. 

$2. Update the rank of each previously presented root. 

$3. Decide whether x is a root or a nonroot and make the necessary assignments. 

$4. Color x, if x is a root. 

$5. Color x, if x is a nonroot. 

Next we specify the computations that are made at each of the above steps. 

Step SI: The previously presented roots are considered in the order of their rank 
with the highest ranking roots first. When a root v is considered its priority is 
changed to 

p = m a x { j : l N r ( J ) [ v ] \ U { W ( y ) : y T ~ v  and p(y) >j}l>>_ f (J)} ,  

if p is greater than its current priority p(v); otherwise its priority remains the same. 
If the priority p(v) is changed, then the sphere and witness set of v are changed to 

S(v) = NR(P(V))[v] and 

w ( v )  = Nr(P(v))[v] \ u{W(y)  : y # v and p(y) > p(v)} 

and the sphere coloring cv of v is changed to any proper k-coloring of the sphere S(v) 
of v. (Note that this is not an on-line coloring; the sphere coloring is chosen only 
after the entire sphere is presented. Whenever the priority, and thus the sphere, of 
a root is changed a completely new sphere coloring is chosen.) | 
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Notice that  while different roots can have overlapping spheres and witness 
sets, any two roots with the same priority j will have disjoint witness sets with 
cardinality at least f(j) .  Thus there are at most n/ f ( j )  roots with priority j .  

Since f (j) = n 4j / log log n > n when j > �88 log log n, we have: 

(1) 1 ~nl/loglog n p(v) <_ -~ log log n < , for every root v. 

Step S2: The updated ranks are calculated by the following rule: 

~(v) < ~(x) iff p(v) <p(x)  or both  p(v) =p(x) and x is presented before v. | 

Step S3: The vertex x is declared to be a nonroot if it is in the neighborhood of the 
current sphere of some root; otherwise it is declared to be a root. If  x is a nonroot, 
then the root of x is the highest ranking root v such that  x �9 N(S(v)). The priority 
p(x) of x is set equal to the current priority of v. (The root v of x and the priority 
p(x) of x will never change even if the priority of v changes.) If  x is a root, the 
priority p(x) of x is set equal to 0 and the witness set, sphere, and sphere coloring 
are calculated as in Step S1. | 

Step S4" If x is a root, color x with color 1. | 

Since x is a root, it cannot be in the neighborhood of any sphere. Since each 
root is a member of its own sphere, x is not adjacent to any other root. Thus the 
set of roots is independent and so all can be colored with color 1. 

Step Sb: If x is a nonroot, we shall assign x a three coordinate color 
(p(z),l(x),g(x)). The first coordinate assures that  two vertices with different pri- 
orities have different colors. The second coordinate, called the local color, will be 
calculated in Step 5i. It  will assure that  two vertices with the same root and pri- 
ority get different colors. The third coordinate, called the global color, will be 
calculated in Step 5ii. I t  will assure that  two vertices with the same priority but 
different roots get different colors. 

Let L(j) and G(j) be the maximum number of local and global colors used on 
vertices of priority j .  Then we have the following upper bound on the total  number 
of colors used. 

�88 log log n 

(2) a(k, n) <_ 1 + ~ L(j)G(j). 
j=o 

Step Sbi: The local color l(x) = (ax,dx) is itself a two coordinate color. To calculate 
the first coordinate, let v be the root of x. By Corollary 1.2, there is an on-line 
algorithm that  partitions the neighbors of S(V) presented after v obtains priority 

p(x) into parts Vi, i �9 [k R(p(x))] such that  each G[V/] has clique size less than k. Let 
az = i, where x �9 1//. Let dx be the color assigned to x by Ak_l, n when applied to 

the on-line graph G<[V~,]. | 
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Clearly this gives a proper coloring of all vertices with fixed priority j and fixed 
root v. Note that  

L(j) <_ kR(J)a(k - 1, n). 

Since a(k-l,n)<_n lO(k-1)/l~176 and, using (0), 

1o~ lo,g n ~ nl/l~176 (3) kR(j) < k - ~ . 6 ~  < e e 2 logk < n l~ ~_~ 

we have 

(4) L(j) <_ n (10k-9)/log log n 

Step 5ii: The global color g(x) is obtained from an auxiliary digraph Aj = (Rj, Dj), 
using a technique from [6]. Let Rj be the set of all roots tha t  at some stage have 

priority j=p(x). For distinct v and w in Rj, V---*W is in Dj at stage s if[ at stage 
s there exist y with root v and priority j and z with root w and priority j such 
that  y,,~ z and z was presented before y. Notice that  at a given stage v--* w might 
not be in Dj, but at a later stage v--*w might enter Dj. Once v---*w enters Dj, it 
will remain in Dj. Thus we cannot hope to on-line color Aj. However we shall see 
that  by changing the colors of the vertices relatively infrequently, we can maintain 
a proper coloring of Aj. Also note for future reference that  if v--* w is in Dj, then 

d(v, w) <_ 2R(j) + 3. 

Let the maximum outdegree of Aj be A ;  and the current out degree of a root 

v be d+(v). We shall maintain a coloring 7j of Aj such that:  

(i) At the end of any stage, if v-+w in Aj, then the current color of v was never 
the color of w; 

(ii) the color of a root changes only when its outdegree changes; and 

(iii) at most (A + + 1) 2 colors are used. 

To do this, at each stage we assign the node r a two coordinate color "yj(r)= 
(d+(r),t(r)). If d+(r) is unchanged from the previous stage, i.e., we have not 
discovered any new outneighbors of r in Aj, then ~/j(r) remains unchanged. If 

d(r) is changed, then r is the only vertex whose out degree has changed. Then we 

choose t(r)E [d+(r )+l ]  so that  (d+(r),t(r)) was never the color of any of the d+(r) 
outneighbors of r in Aj. This is possible since, using (ii), for each outneighbor q 
of r there is at most one second coordinate t such that  at some stage q had color 
(d +(r ) , t ) .  Clearly the conditions (i)-(iii) are all satisfied. 

Let g(x) be the current value of "yj (v), where v is the root of x. Note that  g(x) 
will never change, even if 35 (v) does change. | 

We claim that  if a previously presented nonroot y is adjacent to x, has the 
same priority j as x, but has a different root w than the root v of x, then y receives 
a different global color than x. Note that  at the current stage (when x is presented) 
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v--~w in Aj and g(~)=Tj (v) .  By (i), 7j(w) was never equal to the current value 

g(x) of 7j(v). On the other hand, at the stage that y was presented, g(y) was set 

equal t~ 7j(w). Thus g(y)r 
Thi~ completes the description of the on-line algorithm Ak, n. By our remarks 

above, Ak, n gives a proper coloring of any on-line k-colorable perfect graph. It 

remains to show that Ak, n requires only lnlOk/l~ colors to color any on-line 

k-colorable perfect graph. For this purpose we will need the following bound on 

Lemma 2.2. For every priority j, A f  < f ( j  + 1)/f( j) .  

Proof. Let s be the first stage at which some root v C Rj has outdegree A f  in Aj. 
Then there exists another root w E Rj such that v--*w enters Dj at stage s. Let x 

be the new (nonroot) that is presented at stage s. Then the priority of x must be 
j and the root of x must be v. Thus d(v,x)<_ R(j)+l .  Also there exists another 
nonroot y with priority j such that x ~ y and w is the root of y. 

We have chosen the functions R and r to satisfy the following recursive in- 
equalities. 

(a) r(j ) + r(j + l ) + 3 R(j  ) + 4 <_ R(j + l ) and 
(b) r(j)+2R(j)+3<_r(j+ l). 

Claim 1. If v-*u in Aj at stage s, then the priority of u at stage s is j .  

Proof. Since u is a vertex in Aj at stage s, the priority of u is at least j at stage s. 
At stage s 

d(u, x) <_ d(u, v) + d(v, x) <_ 2R(j) + a + R(j) + 1 <_ 3R(j)  + 4 _< R(j + 1). 

Thus, if the priority of u at stage s were larger than j ,  then x would be in N(S(u)) 
and the priority of x would have to be at least that  of u, a contradiction. I 

Claim 2. Suppose that at stage s, v--* u in Aj and r is a root with priority i > j .  

Then W(7 )MW(u)=O 
Proof. Suppose that z E W(r) M W(u) at stage s. Then 

d(r, x) <_ d(r, z) + d(z, u) + d(u, v) + d(v, x) <_ r(i) + r(j) + 2R(j)  + 3 + R(j) + 1 
<_ r(i) + r(j) + 3R(j) + 4 _< R(i). 

Then x E N(S(u)) and thus the priority of x is at least i, a contradiction. I 

Let W=U{W(u) :v -*u  in Aj at stage s}. By Claim 1 and the fact that  

roots with the same priority have disjoint witness sets, IWI > Aj f ( j ) .  By Claim 
2, W does not intersect the witness set of any root with priority greater than j .  
Suppose z E W  and z has root u, with v--*u in Aj at stage s. Then 

d(z,v) < d(z,u) + d(u,v) < r(j) + 2R(j)  + 3 < r(j + 1). 
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Thus if IWI were at least f ( j + l ) ,  W would witnesses that  the priority of v at stage 

s is at least j + l .  We conclude that 1WI < f ( j + l ) .  Thus A f  < f ( j + l ) / f ( j ) .  | 

Using Lemma 2.2 we obtain the following upper bound on the number of global 
colors used: 

(5) G(j) <_ f ( j  + 1)2/f(j)  2 <_ n 8 / l~176  

Combining (1), (2), (4) and (5) we get 

lnl+lOh-9+8)/loglogn l nlOk/loglogn | 
a ( <  < = 4 

We can now easily obtain our main result from Theorem 2.1. 

Proof  of Theorem 0.1. Fix k and let nl  = 1. Let f (k ,n)  = l n l O k / l ~ 1 7 6  For any 

positive integer i > 1, define ni recursively by ni = min{n : 2f(k,  ni-1) <_ f (k ,n)} ,  
Then f (k ,  h i - l )  < 2f(k,  ni-1) < f(]c, ni). Let A k be the following on-line algorithm, 

For an on-line graph G < with V(G) = {xl < ,.. < xn}, Ak assigns the vertex xj 

the color (i,c), where hi_ 1 < j  < ni and c is the color that Ak,n. ~ assigns xj when 

considered as a vertex of the on-line induced subgraph G < [{Xn.i_, +1 , . . . ,  xn~ }]. Let 

b(k,n) be the number of colors that A k uses to color an on-line k-colorable perfect 
graph on n vertices. 

Claim. For all i, b(k,nz)<2f(k,  ni). 
Proof. We argue by induction on i. The base step i = 1, follows from the observation 
that,  since n l = l ,  b(k, r q ) = l = f ( k ,  nl). For the induction step i>1 ,  note that  

b(Ic, ni) < b(k, ni-1) + f(k ,  ni) < 2f(k,  ni_l) + f(k ,  ni) <_ 2f(k,  ni). 

Suppose that n i <n<ni+ 1. Using the claim, we have 

b(k, n) <_ 2f(k,  hi) + f (k ,  ni+l - 1) _< 4f(k,  hi) __ 4f(k,  n). 

Thus b(k, n) <_ n lOk/l~176 

3. T h e  lower  b o u n d  

In this section we prove Theorem 0.2. Vishwanathan proved that  for every 
randomized on-line algorithm A, there exists an on-line k-colorable graph G < such 
that the expected value of )/A(G <) satisfies 

1 ( - -1  q- lg r ~  k-1 
E[XA(a<)]-<k-1 / 
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We shall show that  Vishwanathan's construction actually yields perfect graphs. 
Taking into account the conflicting interests of completeness and brevity, we shall 
only consider the case of deterministic on-line algorithms. This allows us to present 
our modification in a simpler setting and to obtain a slightly stronger bound. The 
interested reader can then apply the same technique to the randomized version. 

We shall need the following additional notation. Let G < and H << be on-line 
graphs. 

Then G+H denotes the graph obtained by taking the disjoint union of G and 
H.  G < + H  << denotes the on-line graph obtained from G+H by first presenting every 
vertex of G in the order < and then presenting every vertex of H in the order <<. If 
E is a set of edges on the vertices of G, then G<+E is the on-line graph obtained by 
adding the edges of E to G and presenting the vertices of G in the order <. Consider 
an on-line algorithm A, an on-line graph G <, and a subset X of V(G). Then there 

exists an on-line algorithm A(G <, X)  such that  for any on-line graph H <<, the color 

that  A ( G < , X )  assigns any vertex v of H << while coloring H << is the same as the 

color that  A assigns v while coloring G < + H  < < + { x y : x E X  and y E V ( H ) } .  

The algorithm A(G<,X) simply colors H << by applying A to the on-line graph 

G< +H<< +{xy:xCX andyeV(H)}. 

Proof  of Theorem 0.2. Let g(k,n)= ( ~ k  n)  k-1. Suppose that  s and k are positive 

integers and n = s k. We shall prove that  for every on-line algorithm A, there exists 
an on-line k-colorable perfect graph G < on n vertices such tha t  XA(G <) > g(k, n). 
The theorem then follows from a short calculation and the observation that  any 

positive integer n satisfies 3S<  n < 3 S+l,  for some positive integer s. 

Following Vishwanathan [11] we shall argue by a double induction with the 
pr imary induction on k and the secondary induction on s. The key idea of Vish- 
wanathan was to maintain the stronger induction hypothesis that  there exists an 
on-line k-colorable graph G < such that  A uses many colors on one of the k color 
classes of some (off-line) k-coloring of G. To insure that  G is perfect, we must 

strengthen this hypothesis as in (3) below. We say that  a pair ( G < , I )  consisting 

of an on-line graph G < and an independent subset I of G is a (k,n)-witness for an 
on-line algorithm A if 

(1) G < has at most n vertices; 

(2) < k; 
(3) for all induced subgraphs H = G[W] of G, H can be w(H)-colored so that  

INW is contained in a color class; and 

(4) A uses at least g(k,n) colors on the vertices of I.  

Notice that  (3) insures that  G is perfect and thus (2) insures that  G is k- 

colorable. Of course (4) insures that  A uses at least g(k,n) colors on G <. Thus it 
suffices to prove that  for every on-line algorithm A there exists a (k,n)-witness for 
A. The primary base step k = 1 is trivial since g ( 1 , n ) =  1, so consider the pr imary 
inductive step k > 1. Also the secondary base step s = 0 is trivial since g(k, 1) ~ I. 
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For the secondary induction step t = s + l ,  i.e, m = 3 n ,  we must show that  for every 
on-line algorithm A, there exists a (k,3n)-witness for A. We first check that  g 
satisfies the following recursive inequality: 

(5) ~(k,3n) <g(,~,,~) + _ -~g(k-1,n), which is equivalent to 

(2k) k-1 (~(k, 3n) - g(k, n)) < (2k) k-1 { -g (k-  1, ~). 
Writing x=log3n, and using the fact that k - 1  <x ,  we have 

( 2 ] ~ ) k - l ( g ( ~ ,  3 r t )  --  g ( k , / 7 , ) )  = (X -]- 1) k-1 - m k-1 

k - 1  1) i xk-l--i 
i = 1  

k - 1  ( k  - ] ) i  k - i - ~  

i =1  

_< ( k  - i ) ~ k - 2 ( ~  - i )  

On the other hand, 

( 2 k ) k - l l g ( k  - 1, n) 
k ~k-2xk_ s 

= k \ - i - = - 7 )  

Now we are done since e -  1 __ , for all k > 1. 

Fix an on-line algorithm A. We must construct a (k,3n)-witness for A. 

Using the primary and secondary induction hypotheses, we can find pairs (G <, Ii) , 
iE{1,2,3} such that 

(6) (G~,I1) is a (k,n)-witness for A I = A ;  

(7) (G<, I2 ) i s  a (k,n)-witness for A 2 = A ( G < , 0 ) ;  and 

(8) (G~ , /3 ) i s  a (k-1 ,n) -wi tness  for A 3 = A ( G ~  +G<,S1).  

Let G<=G~+G <+G~+{xy:xCI1 and yEV(G3)}. Note that  the color 

that A assigns a vertex v E V(Gi) while coloring G < is the same as the color Ai 

assigns v while coloring G <. We shall show using (5) that  either (G<,I1 u l s )  or 

(G<,I3UIs) is a (k,3n)-witness for A. Clearly (1) and (2) hold in either case. 
Next we check that (3) holds for /1 U/2 and /3 U/2. Assume that  I1 n W ~ ~, 
since otherwise this is trivial. Let H = G[W] be an induced subgraph of G. For 
iC {1,2,3}, let Hi=G[WNV(Gi)]. By (6)-(8) there exists an ~(Hi)-coloring fi of 
Hi such that WAil is contained in a color class, for all iE {1,2,3}. We may assume 
that  r a n g e ( f l ) =  [w(H1)], range(f2) C [~(H)], and range(f3) = {2,...  , ~ ( H 3 ) +  1}. 
We may also assume that f l  colors/1 with the color 1 and f3 colors I3 with the 
color 2. Since I1NW~O, w(H3)+l<_w(H), and thus f=flUf2Uf3 is an w(H)- 
coloring of H. If we want I1 UI2 contained in a color class of f ,  we choose f2 so 
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that f2 uses color 1 on 12. If we want /3  U/2 contained in a color class, we choose 
f2 so that  f2 uses the color 2 on /2 .  

Finally we check (4) holds for either I = Ii  U/2 or I = / 3  U/2. For i E {1,2, 3}, 

let Ci b e t h e  set of colors that A uses on I i when coloring G <. Since (G<,I1)  and 

(G~,I2)  are (k,n)-witnesses and (G~,I3) is a (k-1 ,n) -wi tness ,  ICll, IC2[ >>_g(k,n) 

and IC31 >_g(k- l ,n)  Notice that C1NC3 =~, since every vertex in G3 is adjacent to 

every vertex in I1. If IC2NC3[ ~ l g ( k - l , n ) ,  then [ClUe2[ > g ( k , n ) + l g ( k - l , n )  > 

g(k,3n) by (5); thus (4) holds for I = I l U I  2. Otherwise IC2DC31 < � 8 9  and 

so IC2uC31 >_g(k ,n )+�89  Thus (4) holds for I = I 2 U I 3 .  This 
completes the proof. | 

4. G r a p h s  w i t h o u t  i n d u c e d  o d d  cyc les  

Andrs Gys163 pointed out that the crux of our arguments does not depend 
on the graph being perfect, but only on it having no induced odd cycle on more 
than three vertices. This observation leads to the following Theorem. 

Theorem 4.1. There exists an on-line algorithm A that will color any on-line k- 
colorable graph G < on n vertices with clique size co that does not induce an odd 

cycle on more than three vertices with at most n \ ~  "l~ 1/2n] colors. 

Sketch of Proof. It is easy to check that  the proofs of both Lemma 1.1 and Corollary 
1.2 apply to graphs that do not induce an odd cycle on more than three vertices. 
Again A(w, k, n) is constructed by recursion on co. The only change in the number 
of colors used occurs in selecting the sphere colorings. These colorings must now use 

k colors instead of co colors. This accounts for the logk / log l /2n  tein the exponent, 
which was previously estimated in (3) by 1/ loglogn.  
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