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Lovész, Saks, and Trotter showed that there exists an on-line algorithm which will color any
on-line k-colorable graph on n vertices with O(nlog(2k_3) n/log(2k_4) n) colors. Vishwanathan

showed that at least Q(logk”ln/kk) colors are needed. While these remain the best known
bounds, they give a distressingly weak approximation of the number of colors required. In this
article we study the case of perfect graphs. We prove that there exists an on-line algorithm which
will color any on-line k-colorable perfect graph on n vertices with nl0k/loglogn colors and that
Vishwanathan’s techniques can be slightly modified to show that his lower bound also holds for
perfect graphs. This suggests that Vishwanathan’s lower bound is far from tight in the general
case.

0. Introduction

An on-line graph is a structure G< = (V,E,<), where G = (V,E) is a graph,
and < is a linear ordering of V. We call < an on-line presentation of the graph
G. The on-line subgraph of G< induced by a subset X C V is the on-line graph
G<[X]=(X,FE',<), where E’ is the set of edges in E both of whose end points are
in X and <’ is < restricted to X. Let V; ={zy,...,z;} denote the first i vertices
of V in the linear order < and set G= = G<[V;]. An algorithm for coloring the

vertices of an on-line graph G< is said to be on-line if the color of a vertex z; is
determined solely by Gi<' Intuitively, the algorithm receives the vertices of G< one
at a time in some externally determined order zy,...,z,. At the stage 7 when the
vertex x; is received, the algorithm can only see Gf. At this stage, based only
on this current information, the algorithm must irrevocably assign a color to the
vertex z;. The algorithm First-Fit is a simple, but important example of an on-line
algorithm. First-Fit colors the vertices of G with an initial sequence of the colors
{1,2,...} by assigning to the vertex v; the least color not already assigned to some
vertex x € V;_; such that z is adjacent to v;.

Let G< = (V,E,<) be an on-line graph and A be an on-line algorithm. The
number of colors that A uses to color G< is denoted by xa(G<). For a class of
graphs I, let x (') denote the maximum value of x4 (G<) over all G€T and all
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on-line presentations < of G. The on-line chromatic number, denoted by xi(T), of
the class I is the minimum of x (") over all on-line algorithms A. We say that T
is on-line y-bounded if there is a function f and an on-line algorithm A such that
xa(G) < f(w(G)), for every GeT', where w(G) denotes the clique number of G. In
this case f is said to be a x-binding function for the class T'. Let I'(k,n) be the
class of k-colorable graphs on n vertices.

A considerable amount of effort has been put into finding classes of graphs
that are on-line y-bounded. The largest collection of such classes was obtained by
Kierstead, Penrice, and Trotter [7]. For a fixed tree T with radius at most two, they
showed that the class Forb (T'), consisting of all graphs that do not induce T, is on-
line y-bounded. Many results are known about on-line coloring of various classes
of perfect graphs. The result in [6] shows that the class of co-comparability graphs
is on-line x-bounded. Kierstead and Trotter [8] showed that the on-line chromatic
number of the class of interval graphs is 3w—2. Gyarfds and Lehel [2] showed that,
even using First-Fit, the classes of split graphs, complements of bipartite graphs,
and complements of chordal graphs have linear x-binding functions. Kierstead [5}
proved that First- Fit only requires a linear number of colors on the class of interval
graphs.

Bean [1] showed that the class of trees is not on-line x-bounded. Thus the
superclasses of comparability graphs, chordal graphs, and perfect graphs are not
on-line y-bounded. Lovisz, Saks, and Trotter [9] observed that the on-line chro-
matic number of the class I'(2,n) (which includes trees) is ©(logn). This result
leads naturally to the problem of bounding x(I'(k,n)} in terms of k and n. Of
course xo1{I'(k,n)) <n, since we can color every vertex with a different color. As
with ordinary graph coloring and polynomial time graph coloring, a big jump in
complexity occurs between I'(2,n) and I'(3,n). With considerable effort, Lovasz
et al improved the trivial upper bound by proving the following (barely) sublinear

bound, where IOg(k) is the kth iteration of the logarithm function.
Xol(T(E, 1)) = O(nlog@®*=3) n/ 1og(2k=4) 1),

When n < k2%, Szegedy [10] proved that this bound is close to optimal. He
showed that then

Xol(I'(k,n)) > n/k.
For n larger than k2 Szegedy’s technique breaks down. Vishwanathan showed that

Xol(D(k,n)) = Q(log* ! n/k*).

While these remain the best known bounds, they provide a distressingly weak
approximation of x1(I'(k,n) for fixed k. Irani [4] showed that much more is possible
for chordal graphs. She proved that for the class C(k,n) of k-colorable chordal
graphs on n vertices

Xol(C(k,n)) = O(klogn).
In fact she showed that this performance is achieved by the on-line algorithm First-
Fit. However this is not true for all perfect graphs. It is known that there are



ON-LINE COLORING OF PERFECT GRAPHS 481

2-colorable (and thus perfect) graphs on n vertices for which First-Fit requires n/2
colors. In this article we shall consider the class of perfect graphs. Our main result
is the following theorem.

Theorem 0.1. Let k be a positive integer. There exists an on-line algorithm Ay
such that A}, colors every on-line k-colorable perfect graph G< on n vertices with

10/loglogn

at most n colors.

We also show that Vishwanathan’s construction can be slightly modified to
produce perfect graphs. This result, which is stated below, leads us to suspect that
we have not yet been clever enough in constructing on-line graphs to witness lower
bounds in the general case.

Theorem 0.2. For every fixed positive integer k and every on-line algorithm A,
there exists an on-line k-colorable perfect graph G< such that A uses at least

k-1
% (lﬂg—z—n) colors on G<.

We shall use the following notation with respect to a fixed graph G =(V,E).
Adjacency between vertices = and y is denoted by x~y. For vertices z and y, the
distance d(z,y) from z to y is the number of edges in the shortest path from z to
y. Let X CV. For a non-negative integer 7, the closed r-neighborhood N"[X} of X
is the set {veV:d(z,v)<r, for some z€X}. For a positive integer r the open
r-neighborhood N™(X) of X is the set N7(X)=N"[X]- N""1[X]. We write N(X)
and N[X] for N1(X) and N[X]. We also slightly abuse notation by writing N (x)
and N7 [z] for N"({z}) and N"[{z}]. The clique number of G is denoted by w(G).
The set {1,...,n} is denoted by [n]. The function with domain @ is denoted by e.

1. Preliminaries

The following lemma provides the key property of perfect graphs that we
exploit to obtain improved upper bounds on the on-line chromatic number of this
class.

Lemma 1.1. Let v be a vertex in a perfect graph G. Suppose that Iy, I, ... I,
I, 41 are subsets of V such that

(1) Io={v};

(2) I; is an independent set, for all j <r;

(3) Ijis1CN(I;), for all j<r; and

(4) Ifx~y with z€l; and yeI;, then |i—j|=1.
Then w(Ir4+1) <w(G).

Proof. We first claim that if x and y are adjacent vertices in I, then N(z)N
I C N(y)NI, or vice versa. Otherwise there exists p, € I such that p, ~x, but not
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pr~y and there exists g € I such that g, ~y, but not g, ~z. Let P={pg,p1,...pr}
and Q= {q0,q1,---,¢r} be paths such that p;, ¢; € I;. Let j be the largest index
such that pj~g;41 or pj11~q;. Note that j exists since po=v=qgo. Say pj~g;41.
Then pj,...pr,2,¥,qr,...q;j+1 is an induced odd cycle of length at least five, which
is a contradiction.

Now suppose that K C I,41 is a clique. Then by the above claim there exists
a vertex z € K such that for all ye'K, 0 N(z)NI, CN{y)NT,. Thus there exists
ke I, such that KU{k} is a larger clique than K. 1

Corollary 1.2. Let G< be an on-line graph such that G is perfect and k-colorable.
Then there exists an on-line algorithm which, for a specified integer t, a subset
S C Vi with G[S] connected, and a vertex v€ S, partitions N{S)N{V ~V;) into fewer
than k™ parts, where r is the maximum distance in G[S] of any vertex in S to v,
such that each part induces a (k — 1)-colorable subgraph.

Proof. The algorithm begins at vertex vy, at which time G[S] has already been
presented. Thus we may fix a proper k-coloring ¢ of G[S]. We will partition
N(S)N(V-V;) into parts Fi;, where each part is indexed by a sequence o =(071,...05)
of colors, where s <r. When presented with z€ N(S)N(V —V;}, choose an arbitrary
shortest path P,=wv,v1,...,vs,2 from v to z in G[SU{z}] and assign z to the part
F,, with 0=(01,...04), where o; is the color of v;.

To see that F, has clique size less than k (and hence, by perfection of G, is
(k—1)-colorable), we apply Lemma 1.1 as follows. For a given 0 =(071,...05), let V5
be the union of the P,—{z} such that z is assigned to part F;. For j <s+1, define I;
to be the subset of V,; whose distance from v in G[V;] is j. Then Iy,..., 1541 satisfy
the hypotheses of Lemma 1.1, and Ig1 is the set of elements of N(S)N(V-V;) that
are assigned to F,;. By Lemma 1.1, each F; induces a subgraph of G with clique
size less than k. Since c is a proper coloring, for all non-empty Fj, both o(1) #c(v)

and for all i, o(5) #0(341)- Thus |F|<YTo(k—1)F < &R <, 1

2. The main result

We begin by proving a weaker version of Theorem 1 in which the algorithm
knows ahead of time the number n of vertices that the input graph G has. We then
use this weaker result to obtain the full theorem.

Theorem 2.1. Let k and n be fixed positive integers. Then there exists an on-line
algorithm Ay, such that Ay, colors every on-line k-colorable perfect graph G<

on n vertices with at most %nmk/ loglogn ¢yJors,
Proof. We argue by induction on k. The base step k=1 is trivial and the case

k =2 follows from the remark of Lovasz et al mentioned in the introduction. For
the induction step k>3, assume that for all j with 1 <j <k we have obtained an
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on-line A, such that A uses a(j,n) < %nmj/ loglogn ¢olors to color any on-line
j-colorable perfect graph. We must specify an on-line algorithm Ay, such that

Ay, uses a(k,n) < %nmk/ loglogn ¢olors to color any on-line k-colorable perfect
graph. We may assume that 10k —log4 <loglogn, since otherwise we are allowing
the algorithm to use n colors. Since k>3, 28 <loglogn. Thus we have the following
inequality that will be used later.

(0) loglognlogloglogn < logl/2 .

Let f(j)=n%/loglogn  R(j)= |5.67]—2, and r(j) =67 — 1. We will describe
the algorithm in stages, where a stage is the period of calculation between the time
that a new vertex x is presented and the time that the next vertex is presented.
During the stage that a new vertex x is presented it will be permanently identified
as a root or a nonroot. At this time, if z is a root, then z will have a priority p(z),
a rank p(z), a sphere (of influence) S(z), a sphere coloring ¢z, and a witness set
W (z). At various stages in the algorithm the priority of a root may increase, but it
will never decrease. At these stages, and only these stages, the rank, sphere, sphere
coloring, and witness set of the root will be reassigned. If x is a non-root, x will be
permanently assigned a root v and a priority p(z).

We begin with an overview of the steps performed during the stage that z is
presented.

S1. Update the priority, witness set, sphere, and sphere coloring of each previously
presented root.

S2. Update the rank of each previously presented root.
S3. Decide whether z is a root or a nonroot and make the necessary assignments.
S4. Color z, if z is a root.
S5. Color z, if = is a nonroot.

Next we specify the computations that are made at each of the above steps.
Step S1: The previously presented roots are considered in the order of their rank

with the highest ranking roots first. When a root v is considered its priority is
changed to

p=max{j: [N\ U{W(y) iy #v and p(y) >} > F()},
if p is greater than its current priority p(v); otherwise its priority remains the same.
If the priority p(v) is changed, then the sphere and witness set of v are changed to
S(v) = NPy and
W)= NP\ UW )y #v and py) 2 p(v))

and the sphere coloring ¢, of v is changed to any proper k-coloring of the sphere S{v)
of v. (Note that this is not an on-line coloring; the sphere coloring is chosen only
after the entire sphere is presented. Whenever the priority, and thus the sphere, of
a root is changed a completely new sphere coloring is chosen.) |
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Notice that while different roots can have overlapping spheres and witness
sets, any two roots with the same priority j will have disjoint witness sets with
cardinality at least f(j). Thus there are at most n/f(j) roots with priority j.

Since f(j)=n%/108l0g" >y when j>;1£loglogn, we have:
1 1 1/loglogn
(1) p(v) < 1 loglogn < 7" BlOB™  for every root v.

Step S2: The updated ranks are calculated by the following rule:
o(v) < p(z) iff p(v) <p(z) or both p(v)=p(z) and z is presented before v. ]

Step S3: The vertex z is declared to be a nonroot if it is in the neighborhood of the
current sphere of some root; otherwise it is declared to be a root. If z is a nonroot,
then the root of z is the highest ranking root v such that £ € N(S(v)). The priority
p(z) of  is set equal to the current priority of v. (The root v of x and the priority
p(z) of = will never change even if the priority of v changes.) If z is a root, the
priority p(z) of x is set equal to 0 and the witness set, sphere, and sphere coloring
are calculated as in Step S1. 1

Step S4: If z is a root, color x with color 1. |

Since x is a root, it cannot be in the neighborhood of any sphere. Since each
root is a member of its own sphere, z is not adjacent to any other root. Thus the
set of roots is independent and so all can be colored with color 1.

Step S5: If = is a nonroot, we shall assign « a three coordinate color
(p(z),(z),g(z)). The first coordinate assures that two vertices with different pri-
orities have different colors. The second coordinate, called the local color, will be
calculated in Step 5i. It will assure that two vertices with the same root and pri-
ority get different colors. The third coordinate, called the global color, will be
calculated in Step 5ii. It will assure that two vertices with the same priority but
different roots get different colors.

Let L(j) and G(j) be the maximum number of local and global colors used on
vertices of priority j. Then we have the following upper bound on the total number
of colors used.

% loglogn

(2) a(k,n) <1+ > L(HG().

j=0

Step S5i: The local color I{x) =(oz,dz) is itself a two coordinate color. To calculate
the first coordinate, let v be the root of z. By Corollary 1.2, there is an on-line
algorithm that partitions the neighbors of S(V') presented after v obtains priority

p(z) into parts V;, i € [kR(P(®)] such that each G[V;] has clique size less than k. Let
oz =1, where x €V;. Let d, be the color assigned to by Ag_; 5 when applied to

the on-line graph G<[V,_]. |
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Clearly this gives a proper coloring of all vertices with fixed priority 7 and fixed
root v. Note that

L) < kRDa(k —1,n).

Since a(k—1,n) <nl0(k=1)/loglogn 414 ysing (0),
loglog n loglogn log loglogn
(3) kR(j) < k%-G 1 < et 7 logk <n 1og1.72n < nl/loglogn,

we have

(4) L(]) < n(lOk—Q)/loglogn.

Step 5ii: The global color g(z) is obtained from an auxiliary digraph 4;=(R;, D;),
using a technique from [6]. Let R; be the set of all roots that at some stage have
priority j=p(z). For distinct v and w in R;, V—W is in D; at stage s iff at stage
s there exist y with root v and priority j and z with root w and priority j such
that y~z and z was presented before y. Notice that at a given stage v — w might
not be in Dj, but at a later stage v—w might enter D;. Once v—w enters Dy, it
will remain in D;. Thus we cannot hope to on-line color A;. However we shall see
that by changing the colors of the vertices relatively infrequently, we can maintain
a proper coloring of A;. Also note for future reference that if v—w is in Dj, then
d(v,w) <2R(j) +3.

Let the maximum outdegree of A; be A;' and the current out degree of a root
v be d¥(v). We shall maintain a coloring 7; of A; such that:

(i) At the end of any stage, if v—w in A;, then the current color of v was never
the color of w;

(ii) the color of a root changes only when its outdegree changes; and
(iii) at most (A;’+1)2 colors are used.

To do this, at each stage we assign the node r a two coordinate color v;(r)=
(dt(r),t(r)). If d*(r) is unchanged from the previous stage, i.e., we have not
discovered any new outneighbors of r in Aj, then +;(r) remains unchanged. If
d(r) is changed, then r is the only vertex whose out degree has changed. Then we
choose t(r) € [d¥ (r)+1] so that (d*(r),t(r)) was never the color of any of the d*(r)
outneighbors of 7 in A;. This is possible since, using (ii), for each outneighbor ¢
of r there is at most one second coordinate ¢ such that at some stage ¢ had color
(d*(r),t). Clearly the conditions (i)—(iii) are all satisfied.

Let g(x) be the current value of v;(v), where v is the root of z. Note that g(z)
will never change, even if v;(v) does change. |

We claim that if a previously presented nonroot y is adjacent to x, has the
same priority j as z, but has a different root w than the root v of z, then y receives
a different global color than z. Note that at the current stage (when z is presented)
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v-+w in A; and g(a)=+;(v). By (i), v;(w) was never equal to the current value
g(z) of v;(v). On the other hand, at the stage that y was presented, g(y) was set
equal t7 v;(w). Thus g(y) #g(x).

This completes the description of the on-line algorithm Ay ,,. By our remarks
above, Ay, gives a proper coloring of any on-line k-colorable perfect graph. It

10k/ loglogn

remains to show that Ay, requires only %n colors to color any on-line

k-colorable perfect graph. For this purpose we will need the following bound on
AT
J

Lemma 2.2. For every priority 7, A;’ <fE+1/70).

Proof. Let s be the first stage at which some root v€ R; has outdegree A;’ in Aj.
Then there exists another root w€ R; such that v—w enters D; at stage s. Let =

be the new (nonroot) that is presented at stage s. Then the priority of z must be
j and the root of  must be v. Thus d(v,z) < R(j)+!. Also there exists another
nonroot y with priority j such that x~y and w is the root of y.

We have chosen the functions R and r to satisfy the following recursive in-
equalities.
(a) r(j)+r(F+1)+3R(j)+4<R(j+1) and
(b) r()+2R(j)+3<r(j+1).
Claim 1. If v—u in A; at stage s, then the priority of u at stage s is j.

Proof. Since u is a vertex in A; at stage s, the priority of u is at least j at stage s.
At stage s

d(u,z) < d(u,v) +d(v,z) <2R(j)+ 3+ R(j)+1 <3R(j)+4 < R(j +1).
Thus, if the priority of u at stage s were larger than 7, then = would be in N{S(u))

and the priority of z would have to be at least that of u, a contradiction. |

Claim 2. Suppose that at stage s, v—u in A; and r is a root with priority 7> j.
Then W(1)NW (u)=0
Proof. Suppose that ze W(r)NW (u) at stage s. Then
d(r, ) < d(r, 2) + d(2,u) + d(u,v) + d(v,z) < 7(8) + r(j) + 2R(j) + 3+ R(j) + 1
r(2) + r(7) + 3R(j) + 4 < R(3).

Then z € N(S(u)) and thus the priority of « is at least 7, a contradiction. |

Let W=U{W(u):v—u in A; atstage s} By Claim 1 and the fact that

roots with the same priority have disjoint witness sets, |[W|> A;f(j). By Claim
2, W does not intersect the witness set of any root with priority greater than j.
Suppose z€ W and z has root u, with v—u in A; at stage s. Then

d(z,v) < d(z,u) +d(u,v) < r(j) +2R(G) +3 < r(j + 1).
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Thus if |W| were at least f(j+1), W would witnesses that the priority of v at stage
s is at least j+1. We conclude that |W|< f(j+1). Thus A;" <f+1/f(7). 1

Using Lemma 2.2 we obtain the following upper bound on the number of global
colors used:

(5) G(]) < f(-}+1)2/f(_])2 Sn8/log]ogn.
Combining (1), (2), (4) and (5) we get

= -=Nn

a(k n) < lnl"'lok_g'Jf”S)/IOg logn 1 10k/ loglogn 1
’ - .
4 4

We can now easily obtain our main result from Theorem 2.1.

Proof of Theorem 0.1. Fix k and let ny =1. Let f(k,n)= %nmk/logbg". For any
positive integer ¢ > 1, define n; recursively by n; = min{n:2f(k,n;_;) < f(k,n)}.
Then f(k,n;—1)<2f(k,n;—1) < f{k,n;). Let A} be the following on-line algorithm.
For an on-line graph G< with V(G) = {z1 <... <zn}, Ay assigns the vertex z;
the color (i,c), where n;_; <j <n; and c is the color that A, ,. assigns z; when
considered as a vertex of the on-line induced subgraph G<[{zn, ,-1,...,zy,}]. Let

b(k,n) be the number of colors that Ay uses to color an on-line k-colorable perfect
graph on n vertices.

Claim. For all ¢, b(k,n;) <2f(k,n;).

Proof. We argue by induction on i. The base step =1, follows from the observation
that, since ny =1, b(k,n1)=1=f(k,n1). For the induction step 7> 1, note that

blk,ng) <b(k,ni—1) + f(k,nq) <2f(k,ni1) + fk,ns) < 2f(k,my).

|
Suppose that n; <n<n;y;. Using the claim, we have
blk,n) < 2f(kyng) + f(kynipq — 1) < 4f(k,ny) < 4f(k,n).
Thus b(k,n) < nl0k/loglogn 1

3. The lower bound

In this section we prove Theorem 0.2. Vishwanathan proved that for every
randomized on-line algorithm A, there exists an on-line k-colorable graph G< such
that the expected value of xa (G<) satisfies

1 [—1+1gn\*!
9] <
Blua(69)) < 2 (S8)
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We shall show that Vishwanathan’s construction actually yields perfect graphs.
Taking into account the conflicting interests of completeness and brevity, we shall
only consider the case of deterministic on-line algorithms. This allows us to present
our modification in a simpler setting and to obtain a slightly stronger bound. The
interested reader can then apply the same technique to the randomized version.

We shall need the following additional notation. Let G< and H< be on-line
graphs.

Then G+ H denotes the graph obtained by taking the disjoint union of G and
H. G<4+H<¥ denotes the on-line graph obtained from G+H by first presenting every
vertex of G in the order < and then presenting every vertex of H in the order <. If
E is a set of edges on the vertices of G, then G<+E is the on-line graph obtained by
adding the edges of F to G and presenting the vertices of G in the order <. Consider
an on-line algorithm A, an on-line graph G<, and a subset X of V(G). Then there
exists an on-line algorithm A(G<, X) such that for any on-line graph H<, the color
that A(G<,X) assigns any vertex v of H< while coloring H¥ is the same as the
color that A assigns v while coloring G<+ H< +{zy:2€ X and ye€ V(H)}.
The algorithm A(G<,X) simply colors H< by applying A to the on-line graph
G+ H< +{zy:z€X andyeV(H)}.

k-1
Proof of Theorem 0.2. Let g(k,n)= (lo—gfc—") . Suppose that s and k are positive

integers and n=s*. We shall prove that for every on-line algorithm A, there exists
an on-line k-colorable perfect graph G< on n vertices such that xa(G<)>g(k,n).
The theorem then follows from a short calculation and the observation that any
positive integer n satisfies 3% <n<3%*1, for some positive integer s.

Following Vishwanathan [11] we shall argue by a double induction with the
primary induction on k and the secondary induction on s. The key idea of Vish-
wanathan was to maintain the stronger induction hypothesis that there exists an
on-line k-colorable graph G< such that A uses many colors on one of the k color
classes of some (off-line) k-coloring of G. To insure that G is perfect, we must
strengthen this hypothesis as in (3) below. We say that a pair (G<,I) consisting
of an on-line graph G< and an independent subset I of G is a (k,n)-witness for an
on-line algorithm A if

(1) G< has at most n vertices;
(2) w(G)<k;
(3) for all induced subgraphs H = G[W] of G, H can be w(H)-colored so that

INW is contained in a color class; and

(4) A uses at least g(k,n) colors on the vertices of [.

Notice that (3) insures that G is perfect and thus (2) insures that G is k-
colorable. Of course (4) insures that A uses at least g(k,n) colors on G<. Thus it
suffices to prove that for every on-line algorithm A there exists a (k,n)-witness for
A. The primary base step k=1 is trivial since g(1,n)=1, so consider the primary
inductive step k> 1. Also the secondary base step s =0 is trivial since g(k,1) <!
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For the secondary induction step t=s+1, i.e, m=3n, we must show that for every
on-line algorithm A, there exists a (k,3n)-witness for A. We first check that ¢
satisfies the following recursive inequality:

(5) g(k,3n)<g(k,n)+ %g(k— 1,n), which is equivalent to
(2k)*~1(g(k,3n) — g(k,n)) < (2k)* "1 Fg(k~1,n).
Writing © =loggn, and using the fact that k— 1<z, we have

(2k)% " Hg(k,3n) — g(k,n)) = (x + 1)F 71 — =1

k-1
k-1 .
— Z < . )zk—l—-z
£ 1
i=1
k-1 ;
< (k _ 1)1 k—1—1

fl
—

%
< (k—1)zF2e—1)
On the other hand,

k11 E M2 s

k—1
Now we are done since e— 1< (kf—l) , for all £>1.

Fix an on-line algorithm A. We must construct a (k,3n)-witness for A.
Using the primary and secondary induction hypotheses, we can find pairs (Gf,]i),
i€{1,2,3} such that

(6) (GY,11) is a (k,n)-witness for A=A,
(7) (G5 ,1I3) is a (k,n)-witness for Ay =A(Gy,0); and
(8) (Gs5,13)is a (k—1,n)-witness for A3=A(GY +G5, 7).

Let GS=Gy +G5+Gy+{zy:zcl; and yeV(G3)}. Note that the color
that A assigns a vertex v € V(G;) while coloring G< is the same as the color A;
assigns v while coloring G~. We shall show using (5) that either (G<,I;UIl3) or
(G<,I3U 1) is a (k,3n)-witness for A. Clearly (1) and (2) hold in either case.
Next we check that (3) holds for I; Uy and I3UJy. Assume that I; NW # (),
since otherwise this is trivial. Let H = G[W] be an induced subgraph of G. For
1€{1,2,3}, let H;=G[WnV(G;)]. By (6)—(8) there exists an w(H;)-coloring f; of
H; such that WNI; is contained in a color class, for all i€ {1,2,3}. We may assume
that range(f;) = [w(H1)], range(f2) C [w(H)], and range(f3) = {2,...,w(H3) + 1}.
We may also assume that fi colors I; with the color 1 and f3 colors I3 with the
color 2. Since I1 NW #0, w(H3)+1<w(H), and thus f=f1 U faU fg is an w(H)-
coloring of H. If we want I; Ul contained in a color class of f, we choose f3 so
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that fo uses color 1 on I3. If we want I3UJ5 contained in a color class, we choose
f2 so that f uses the color 2 on Is.

Finally we check (4) holds for either I=I;UIy or I=I3UI. For i€{1,2,3},
let C; be the set of colors that A uses on I; when celoring G<. Since (GT,I1) and
(G2<,12) are (k,n)-witnesses and (G:f,]g) is a {k—1,n)-witness, |Cll,|CZ[Zg(k,n)
and |C3|>g(k—1,n) Notice that C1NC3=40, since every vertex in Gj is adjacent to
every vertex in I1. If |ConCs|> %g(k—l,n), then |C1UCy| Zg(k,n)+%g(k—1,n) >
g(k,3n) by (5); thus (4) holds for I =1UI,. Otherwise |C3NC3| < %g(k~1,n), and

so {CoUC3| > g(k,n) + %g(k— 1,n) > g(k,3n). Thus (4) holds for I = I;UI5. This
completes the proof. [ |

4. Graphs without induced odd cycles

Andris Gyérfas pointed out that the crux of our arguments does not depend
on the graph being perfect, but only on it having no induced odd cycle on more
than three vertices. This observation leads to the following Theorem.

Theorem 4.1. There exists an on-line algorithm A that will color any on-line k-
colorable graph G< on n vertices with clique size w that does not induce an odd
w( 9 + logk )

cycle on more than three vertices with at most n \'£°8™ " 1o6'/?n/ colors.

Sketch of Proof. It is easy to check that the proofs of both Lemma 1.1 and Corollary
1.2 apply to graphs that do not induce an odd cycle on more than three vertices.
Again A(w,k,n) is constructed by recursion on w. The only change in the number
of colors used occurs in selecting the sphere colorings. These colorings must now use
k colors instead of w colors. This accounts for the logk/ 10g1/ 2
which was previously estimated in (3) by 1/loglogn.

n tein the exponent,
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